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The most general continuous time-dependent evolution of a physical system is represented by a
continuous one-parameter semi-group of linear mappings of density operators to density operators.
It is shown that if these dynamical mappings form a group they can be represented by a group of
unitary operators on th'e Hilbert space of state vectors. This proof does not assume that the absolute
values of inner products of state vectors or "transition probabilities" are preserved but deduces this
fact from the requirement that density operators are mapped linearly to density operators. An example
is given of a continuous one-parameter semi-group of dynamical mappings which is not a group.

I. INTRODUCTION

T HE most general dynamical transformation of
a physical system can be represented by a

linear mapping of density operators to density opera-
tors. I t was pointed out in an earlier paperl that there
are many such dynamical mappings which are not
Hamiltonian mappings, that is, there are linear
mappings of the set of density operators into itself

* Supported in part by the U.S. Atomic EnerKV Commis-
sion.
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1 T. F. Jordan and E. a. G. Sudarshan, J. Math. Phys.
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which can not be represented by unitary transforma-
tions on the Hilbert space of state vectors. The
present paper is a continuation of the investigation
begun in reference 1, and answers some questions
which were left open there. In particular, we consider
whether there can be non-Hamiltonian dynamical
mappings which represent a continuous time de-
pendent evolution of a physical system.

In Sec. II the property that a family of dynamical
mappings represent a continuous time dependent
evolution of a system is formulated in the require-
ment that it forms a continuous one-parameter
semi-group. The requirement that it form a con-
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tinuous one-parameter group and the requirement
that it is a continuous family of Hamiltonian map-
pings, i.e., that it is representable by a continuous
group of unitary operators on the Hilbert space of
state vectors, are apparently more restrictive con-
ditions. In Sec. III it is shown that the latter two
requirements are equivalent. Every continuous
group of dynamical mappings is a continuous family
of Hamiltonian mappings. But in See. IVan ex-
ample is given of a continuous semi-group of dy-
namical mappings which is not a group and, there-
fore, is not a family of Hamiltonian mappings.

The one-parameter groups of dynamical trans-
formations which we call "time dependent" can be
used to represent other symmetry transformations
on the system besides transformations in time. In
fact, it is no problem to generalize our results from
one-parameter groups to representations by dynami-
cal mappings of many continuous groups such as
the Lorentz group. That such representations must
be generated by continuous unitary representations
on the Hilbert space of state vectors2 then follows
in analogy"to our proof in Sec. III that the group
property iInplies that a time-dependent family of
dynamical mappings is a family of Hamiltonian
mappings. This proof does not require the assump-
tion that the absolute values of inner products of
stat~ vectors or "transition probabilities" are pre-
served but proves this fact from the requirement
that density operators are mapped linearly to
density operators.

II. TIME--DEPENDENT DYN AMICAL MAPPINGS

In the quantum mechanical description of a
physical system by operators on a seperable Hilbert
space X, the state of the system can be represented
by a density operator on x. A density operator is
a positive semi-dcfinite, self-adjoint operator which
has unit trace. These operators form a convex set.
The extremal elements of this convex set are the
pure state density operators; they are projection
operators onto one-dimensional subspaces of x.
The properties of density operators were outlined in
some detail in reference 1. It was shown that density
operators belong to the Hilbert space .c of operators
P on X for which8 Tr (ptp) is finite, the inner product
in .c being defined by

(p, u) = Tr (ptu). (2.1)

4 We will use the same notational convention as in reference

I. CapitalletteI'B A will represent operatoI'B on £ and Greek
letteI'B P, "', 0-, operatoI'B on JC (elements of £). Greek letteI'B
q., "' will denote vectoI'B in JC, and smallletteI'B a, c will denote
scalaI'B.

I E. P. Wigner, Ann. Math 40, 149 (1939).
8 It is suffi?ient for our ~urpOBes to co~ider only l?ounded

operatol'8 which form a linear space WIthout causIng any
problems of domains.

The pure state density operators span the space .£,
so that a linear mapping on the density operators
uniquely defines a linear mapping on .£. A dynamical
transformation of the physical system may be
represented by a linear transformation of .e which
maps the convex set of density operators into itself.
If A is a linear operator on .£ such that, if p is a
density operator, then

p' = Ap (2.2)

is also a density operator, we will call A a dynamical
.4

mapprng.
In order to represent dynamics in the usual

sense, that is as a continuous time-dependent evolu-
tion of the state of the system, we must have a
family of dynamical mappings A(t),

p-? p(t) = A(t)p (2.3)

depending on a real parameter t, such that

A(t)A(8) = A(t + 8) (2.4)

for non-negative values of t and 8, and

A(O) = I. (2.5)

In other words we must require that the dynamical
mappings A (t) form a one-parameter semi-group.
In addition we must require that the expectation
value

(0") i = 1'r (O"p(t» = (0", A(t)p) (2.6)

of the self-adjoint operator O" belonging to .£, for
the time dependent state p(t), be a continuous
function of the parameter t. Since the trace of the
product is the inner product in .£, as is indicated in
Eq. (2.6), this means that A(t) must be weakly
continuous as a function of t. The mathematical
condition for a time dependent evolution of density
operators is then that we have a family of linear
transformations of the form (2.3) on .£, and that:

(I) A (t) , O ~ t < 00 , is a weakly continuous one-
parameter 8emi-group of dynamical mappings (linear
transformations of .£ that map the convex subset
of density operators into itself).

If we want the dynamics to be reversible, that is
if we require that every dynamical mapping have an
inverse which is a dynamical mapping, then we
need the stronger condition that:

(II) A(t), -00 < t < + 00, is a weakly con-
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tinuous one-parameter group of dynamical mappings
(A(t)-l = A( -t».

Finally we are interested in time dependent
Hamiltonian dynamical mappings which are defined
by the condition that:

(III) There exists a (strongly or weakly) con-
tinuous one-parameter group of unitary operators
"'(t) on 3C, such that A (t)p = ",(t)p "'t(t) for each p
belonging to £.

Clearly (III) implies (II) implies (I) .We will see
that conversely (II) implies (III) , but that (I) does
not imply (II) .

Ill. HAMILTONIAN MAPPINGS

In this section we will show that a time dependent
family of dynamical mappings is a family of Hamil-
tonian mappings whenever it is a one-parameter
group. In reference 1 conditions were given ".hich
are necessary and sufficient for a dynamical mapping
of the general form (2.2) to be a Hamiltonian map-
ping. However, no consideration was given to the
time dependence of these mappings, or to the
implications of time dependence which could possi-
bly restrict the allowed dynamical mappings to
Hamiltonian mappings. It is the purpose of this
paper to consider these questions and thus com-
plete the study of the relation of Hamiltonian
quantum dynamics to the more general dynamics
of density operators.

If a dynamical mapping takes pure state density
operators to pure state density operators, then it
defines a mapping of normalized vectors in 3C to
normalized vectors in 3C. For each vector this
mapping is defined up to a phase factor. If these
phase factors can be chosen so as to yield a linear
mapping on 3C, we say that the dynamical mapping
induces a linear mapping on 3C. In the earlier papel
it was stated that if a dynamical mapping maps
pure state density operators to pure state density
operators and induces a linear mapping on 3C, then
it is a Hamiltonian mapping. This statement is true
only for those dynamical mappings which map the
set of pure state density operators onto itself. In
Theorem 2 of reference 1, the possibility for a
dynamical mapping to map the set of pure state
density operators one-to-one onto a proper subset
of itself was not given proper consideration. Before
moving on to the new questions, we will give a cor-
rected statement of this theorem, giving explicit
attention to this particular feature:

Theorem. Equivalent necessary and sufficient
conditions for a dynamical mapping to be a Hamil-
tonian dynamical mapping are:

(i) There exists a linear unitary operator "' on
.1C such that the dynamical mapping maps each
operator P in £ to "'P"'t. (This can be taken as the
definition of a Hamiltonian dynamical mapping.)

(ii) The dynamical mapping maps the set of pure
state density operators onto itself and induces a
linear mapping on .1C.

(iii) For each member r/>(iJ of any set of basis
vectors in .1C, there exists a normalized vector 1/1 ( i) 1

such that the set of these vectors spans .1C, and the
dynamical mapping maps r/>(iJr/>(jJt to 1/I(iJ1/I(j)t.6

(iv) There exist linear operators "' and u on .1C,
which have inverses, such that the dynamical
mapping maps each operator P on .1C to "'Put.

Now we can proceed to the consideration of con-
ditions under which time dependent dynamical
mappings represent Hamiltonian dynamics.

Theorem. A time dependent family of dynamical
\

mappings A (t) is a family of Hamiltonian mappings
(satisfying condition Ill) if it is a weakly continuous
one-parameter group (satisfying condition II).

Cr\"
Proof. If the dynamical mappings :A(t)/lorm a

,
group, then for any value of t the dynamical map-
ping A(t) has an inverse dynamical mapping A( -t).
Now A ( -t) can not map a density operator P which
is not a pure state density operator to a pure state
densityoperator. For let P = apl + (1 -a)P2, where

O < a < 1, and Pl and P2 are distinct density opera-
tors. ThenA(-t)p = aA(-t)Pl + (1- a) A(-t)p~

is not a pure state density operator unless
A( -t)Pl = A( -t)P2, which can not be true, since

A ( -t) must be one-to-one if it is to have an inverse.
Hence, only pure state density operators can be
mapped to pure state density operators by A ( -t) .
From this we can conclude that A (t) must map all
pure state density operators to pure state density
operators, and must, in fact, map the set of pure
state density operators one-to-one onto itself, since
it has an inverse dynamical mapping. 'l'he group
property, therefore, implies that we have an induced
mapping of .1C one-to-one onto itself. We need to
determine that this induced mapping is linear.

Let PIP be the projection operator whose range is
the one-dimensional subspace of .1C spanned by the
normalized vector r/>. Then,

Tr (p",pIP) = 1(1/1, r/»12. (3.1)

The density operators are the operators P on .1C of

5 The notation is the same as in reference 1. ¥!"'t is a
linear operator defined on :JC by its matrix elements with
respect to any set of basis vectors.p (i) in :JC as (.p(i)J ",.pt.p(j» =
(.p(i)J ¥!)(.pJ .p(i».
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the form A{t) of PIll and PIP, respectively, which implies, by

Eo. (3.1). thatp = L aiP.p"
i

where O ~ a, ~ 1, L, a, = 1, and <I>, are a set of
orthonormal vectors in JC. Since A (t) maps the set
of pure state density operators one-to-one onto itself,
we can let

A(t)p~, = P~i"

where ct>~ form a set of distinct normalized vectors in

x. Then,

p' = A(t)p = L; aip~,
i

1'r (p2) = L a~

1(1/1,I/»f2 = /(I/1',I/>')j2.

Thf' mapping induced on X by A(t) therefore
preserves the absolute value of inner products.

Wigner6 has shown that if a mapping of a Hilbert
space preserves the absolute value of inner pro-
ducts and is defined up to phase factors, then
these phase factors can be chosen to make the
mapping either linear and unitary or antilinear and
antiunitary. The latter possibiliby is eliminated by
the requirement that the dynamical mappings A(t)
form a weakly continuous one-parameter group
with A (0) = 1.7 Hence, for each value of t we have
that, for any operator p belonging to .£,

tA(t)p = ",(t)p"' (t),

where "'(t) is a unitary linear operator on X which
is defined up to a phase factor. The operators "'(t)
form a one-parameter group up to a phase factor ,
that is

Tr (p'2) = L a~ + L a,a, l(f/I~,.f/I~)12
, ;..;

?: Tr (p2) .

Byapplying the same argument to A(-t), which
maps p' to p, we get that

Tr (p2) ?: Tr (p,2)

which, together with the previous result, implies
that

"'(t)"'(8) = C(t, 8)"'(t + 8) ,

where O(t, 8) is a complex number of absolute value
one.

From the weak continuity of A (t) it follows that,
for any vectors 1/1 and 111 in .1C,

Tr (",(t)p"""t(t)p~) = I ("'(t)1/1, 111)12

is a continuous function of t. The operators "'(t),
therefore, give a continuous unitary ray representa-
tion of the additive group of real numbers. It has
been shown by BargmannS that in such a case the
phase factors of the "'(t) can be chosen so that the
"'(t) form a continuous one-parameter group of
unitary operators on .1C. This completes the proof
of the theorem.

We notice that the proof of this theorem remains
valid if, instead of a representation of the additive
group of real numbers, we are interested in a repre-
sentation by dynamical mappings of any locally
compact topological group for which we can use the
theorems of BargmannS to substitute a continuous
unitary representation for a ray representation
(representation up to a phase factor). For any
symmetry group of this type, such as the Lorentz

6 E. P. Wigner, Group Theory and its Application to the
Quantum Mechanic8 of Atomic Spectra (Academic Press Inc.,
New York, 1959).

7 The continuity condition is not needed here. That Cll(t) is
unitary is implied by the group property. For "'(t) is equal to
within a phase factor to the square of ",(t/2), which is unitary
whether ",(t/2) is unitary orantiunitary.

8 V. Bargmann, Ann. Math. 59, 1 (1954).

Tr (p,2) = Tr (p2) ,

which can be true only if

Tr (P.,'P./') = 1«1>~, <I>~)12 = O

for i ~ j. Hence, we can conclude that orthogonal
projections are mapped to orthogonal projections by
A(t), or in other words that sets of orthonormal
vectors in 3C are mapped to sets of orthonormal
vectors by the mapping induced by A(t). From this
it follows that, if p is a completely continuous
symmetric operator belonging to .c which is mapped
to p' by A(t), then

Tr (p,2) = Tr (p2)

since a completely continuous symmetric operator
has a pure point spectrum. In particular, since
P-/I -P. is a completely continuous symmetric
operator, we have that

Tr ([P-/I -p.]2) = 2 -Tr (p-/IP. + P.P-/I)

is equal to

Tr ([P-/I' -p.,]2) = 2 -Tr (p-/I'P.' + P.'P-/I')'

where Pit' and P.' are the images under the mapping
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group, we can deduce the necessity of a representa-
tion by unitary transformations on the Hilbert
space of state vectors.2 The requirement that the
induced mappiJlgs preserve the absolute values of
inner products, or that "transition probabilities" be
preserved by the symmetry transformations, need
not be assumed; it can be proved from the require-
ment that each symmetry transformation maps
density operators linearly to density operators.

IV. NON-HAMILTONIAN MAPPINGS

In this section we will show that the group
property is necessary if a time dependent family of
dynamical mappings is to be a family of Hamil-
tonian mappings. We present an example of a
family of dynamical mappings A (t) which have
almost every property one might ask for except the
group property. Let "'(t) be a continuous one-
parameter semi-group of operators on JC which are
isometric but not unitary. Examples of such semi-
groups are well known.9 For each operator p belong-
ing to £, let

A(t)p = ",(t)P<IJt(t). (4.1)

It is easy to see that the A(t) form a continuous
one-parameter semi-group, and that, since pure
state density operators are mapped to pure state
density operators, each A (t) is a dynamical
mapping. Therefore, the A (t) satisfy condition I.
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But each A(t) does not have an inverse dynamical
mapping, so they do not satisfy condition II.

In addition to the property of time dependence,
we have that for each t the A(t) of this example is
an extremal element of the convex set of dynamical
mappings which maps the set of pure state density
operators one-to-one onto a subset of itself, induces
a linear mapping on JC, preserves the entropy or
the trace of the square of density operators, and
preserves the multiplication of operators on JC.

Every continuous one-parameter semi-group of
isometric operators is generated by a maximal sym-
metric operator,10 so the transformation (4.1) can
be thought of as the solution of a "Schrodinger equa-
tion" for the pure states with a maximal symmetric
Hamiltonian operator. It is also known that such
a semi-group can be made into a unitary group by
extending the Hilbert space. The extension of the
maximal symmetric generator of the semi-group is
the self-adjoint generator of the unitary group.9
Hence, the dynamical mappings defined by the
isometric semi-group can be thought of as the
restriction of a family of Hamiltonian dynamical
mappings to a subspace of the pure states.


