
PROC. PHYS. soc.. 1964. VOL

Theory of photoelectric detection of light

fluctuationst

L. MANDELt, E. C. G. SUDARSHAN§ and E. WOLF II

t Department of Physics, Imperial College, London
§ Department of Physics, Brandeis University, Waltham, Massachusetts, U.S.A.
II Department of Physics and Astronomy, University of Rochester, Rochester,
New York, U.S.A.

MS. received 1st June 1964

Abstract. The basic formulae governing the fluctuations of counts registered by
photoelectric detectors in an optical field are derived. The treatment, which has
its origin in Purcell's explanation of the Hanbury Brown-Twiss effect, is shown
to apply to any quasi-monochromatic light, whether stationary or not, and whether
of thermal origin or not. The representation of the classical wave amplitude of the
light by Gabor's complex analytic signal appears naturally in this treatment.

I t is shown that the correlation of counts registered by N separate photodetec-
tors at N points in space is determined by a 2Nth order correlation function of
the complex classical field. The variance of the individual counts is shown to
be expressible as the sum of terms representing the effects of classical particles
and classical waves, in an~logy to a well-known result of Einstein relating to
black-body radiation. Since the theory applies to correlation effects obtained with
any type of light it applies, in particular, to the output of an optical maser , although,
for a maser operating on one mode, correlation effects ar~ lik~ly to be very small.

I. Introduction

In an important note Purcell (1956) has given a very clear explanation of an effect
first observed by Brown and Twiss (1956), namely the appearance of correlation in the
fluctuations of two photoelectric currents evoked by coherent beams of light. The
method employed by Purcell is semi-classical, but it brings out the essence of the pheno-
menon much more clearly than most other approaches. Purcell's method has been
developed further by Mandel (1958, 1959, 1963 a, b land applied to the analysis of re-
lated problems by Alkemade (1959) and by Wolf (1960) (see also Kahn 1958).

In all the publications just referred to, the light incident on the photodetector was
implicitly or explicitly assumed to be of thermal origin. However, in view of the develop-
ment of optical masers the question has been raised in recent months as to the existence
of the Hanbury Brown-Twisseffect with light from other sources. In this connection
Glauber (1963 a, b) has expressed doubts about the applicability of these stochastic
semi-classical methods to the analysis of fluctuation and correlation exper~ments obtained
with light from non-thermal sources. Although partial answers to Glauber's critical
remarks have already been given (Mandel and Wolf 1963, Sudarshan 1963 a, b; see also
Jaynes and Cummings 1963), it is, of course, desirable to examine this semi-classical
approac~ more closely. This is done in the present paper where new results on fluctua-
tions and correlations are also obtained. The main conclusion." are :
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(i) In the conditions under which light fluctuations are usually measured by photo-
electric detectors, the semi-classical. treatment applies as readily to light of non-thermal
origin as to thermal light, and to non-stationary as well as to stationary fields.

(ii) The representation of the optical field by complex analytic signals (as customary
in the classical theory of optical coherence) appears naturally in this treatment.

(iii) There exists a very simple formula for the variance of the number of photo-
electrons registered by a photodetector in a given time interval, when it is illuminated
by any quasi-monochromatic light beam. This jormula expresses the variance as the
sum of two terms, one of which can be interpreted as representing the effect of fluctua-
tions in a system of classical particles, and the other as arising from the interference of
classical waves. This result, which may also be interpreted as describing the fluctua-
tions of the light itself, is strictly analogous to a well-known result first established by
Einstein (1909 a, b) for energy fluctuations in an enclosure containing black-body
radiation, under conditions of thermal equilibrium.

(iv) The correlation between the number of photoelectrons registered by N separate
photodetectors is expressible in terms of functions of 2Nth order correlations of the
classical complex wave amplitudes.

The simplicity of the semi-classical theory and its wide range of validity makes it
well suited for the analysis of many problems relating to photoelectric detection of light
fluctuations. Our work demonstrates that a full quantum field theoretical treatment
is not at all necessary for the analysis of such problems.

2. The probability distribution for photoelectrons ejected from a photo

cathode illuminated by a light beam

First, consider an electromagnetic wave interacting with a quantum mechanical
system, playing the role of a 'detector', in a bound state lI/Jb). Suppose that lI/Jb)' together
with a continuum of unbound states II/J~), form a complete set of orthonormal eigen-
states of the unperturbed time-independent Hamiltonian Ho of the system, i.e.

Holl/J~) = E~II/J~). (2.1)

Here K stands collectively for all the indices labelling the eigenstates of Ho. If a time-
dependent perturbation Hl(t) is applied to the system at time to, then the state at time t
may be expressed in terms of the set II/J~ ) :

f ( iE~t ) ( iEbt )11/J(t) = C~(t)exp -h 1I/J~)dK+Cb(t)exp -h lI/Jb). (2.2)

The integration with respect to K is to be interpreted as an integration over Wk' where

nWk = E~-Eb ~ 0, E~=EkJL

and a summation over fL, where fL denotes the set of all quantum numbers other than k.
The coefficients C~(t) are given by the familiar formula of first-order perturbation

theorv

<I/I/C \Hl(t') ll/lb > eXp(i«)kt') dt (2.3)

J c!C(t) = ~

Jzh to

Let p( Wk) dWk be the number of states ll/I!C > in the energy interval 1i dWk' Then the
probability that a transition has occurred to any of the unbound states by the time t is

IC1C(t)12p(Wk) dl
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If t- to = ~t we define a transition probability per unit time by

1 f CX) II (t) = -I C/C(t)!2p(Wk) dK. (2.4)

~t o

Both C/C(t) and ll(t) depend also on the position of the atomic nucleus (to be specified
by position vector R later on).

Let us now consider the interaction between a single atom and an incident electro-
magnetic wave, represented by the vector potential A(r, t). Let the momentum of a
typical electron of the atom be represented by p. Then the interaction Hamiltonian,
in the usual notation is

0
H,(t) = -.::.-A(r. t).D.-, , mc ' ' , A

We now express A(r, t) in the form of a Fourier integral

,,00

..Ri'(r, w) e-trot dw.

01-",

Since A is real,

..d(r, -w) = ..d*(r, w)

Then, from (2.3), (2.5) and (2.6), we obtain
p .t.+At ~OO

C1C(t) = ~ I dt' I dw exp{i(wk-W)t'}Mtt(R, w, Wk)
01 -"'

dwexp{i(wk-W)(tO+!~t)}
sin{t(wk -w )L\t}-M/L(R, w, Wk)

(2.8)

=.
!(Wk-W)~t

ilimc J to

e~t J OO

~ -00

where

MII(R, w, Wk) = <1/I",r..J(r, W).pl1/lb> (2.9)

is the matrix element between the ground state and the continuum state and is a function
of R, the position of the atomic nucleus. Now provided Ilt ~ 11wk for all k for which
IMII(R, w, Wk)!2 is appreciable, the integrand considered as a function of wk will
be very sharply peaked about w. In practice the smallest value of wk likely to matter when
we are dealing with photoelectric transitions is of the order of 1014 cis. The condition
wkllt ~ 1 is therefore likely to hold for all measurable intervals Ilt. The contribution
to C"'(t) arises from values of w in the neighbourhood of wk' and since wk > 0 we may
replace the lower limit in (2.8) by zero. From (2.4) and (2.8),

e21lt f oof oof oo sin{!( wk -w )Ilt}
II(t) = dwdw'dwkexp{i(w'-w)(to+tllt)}

.l:2m 2c2 J..(w (jJ)llt T' 0 O O 2 k-

sin{!(wk-w')llt} * ,x ,2 p(wk)Mll (R, w , wk)MII(R, w, Wk). (2.10)
!(Wk-W )Ilt II

It is evident that the integrand effectively vanishes unless w, w' and wk are nearlyequal,
to within an amount of the order of 111lt. It is reasonable to suppose that P(Wk) does not
vary significantly over such a small range of wk and may therefore be replaced by
{P(w)p(w')}1!2 in (2.10).

Next let us assume that the incident radiation is quasi-monochromatic, i.e. its
effective bandwidth is small compared with the mid-frequency. Then we can choose
111lt small compared with any frequency w that contributes to (2.10), but large compared
with the difference w- w' between any pair of frequencies wand w', and (2.10)~then
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sin{t(w-w')~t}
dwdw' exp{ i( w' -w )t}{P( w )}1/2{P( W')P/2

!C (J) -(J)')~t

x 2 M/L*(R, w', w')M/L(R, w, w)
"

(2.11)

we have the identity

sin{i((J) -(J)')~t}
,,1ltI2

exp{i(w'-W)T} dT.---!(w-w')~t ,- ~tJ -~tI2

Hence the probability of a photoelectric transition per unit time may be expressed in the

form ?...p2 1 r~tl2
WJl,*(R, t+T)WJl,(R, t+T) dT (2.12a)

l1(t) = _..~

~~AtJ -At/2

where
(2.12b)W/l(R,t) = r~d(J)e-trot{p«(J))}1/2M/l(R,(J),(J))

J 0

Since the Fourier spectrum of W JL(R, t) contains no negative frequencies, W JL is, according
to a well-known theorem (Titchmarsh 1948), analytic and regular in the lower half of

the complex t plane.
So far we have been considering the interaction between an incident electromagnetic

field and a single atom only. Now suppose that we are dealing with a plane wave incident
normally on an extended detector, which is in the form of a thin photoelectric layer
containing a large number of electrons in initial states Il/sb). With the assumption that
these atoms may be treated as independent (i.e. that their electron wave functions do
not appreciably overlap) and that. the states are not appreciably depopulated, we can
express the probability P(t)~t of photoelectric detection from any part of the photo-

surface by
21Te2N l'~t./2

(2.13)WII*(R, t+T)WII(R, t+T) dTP(t) = L:
Jn2m2c2~t II -At/2

where N is the number of effective ele~trons. Since we are dealing with an incident
plane wave, the right-hand side of (2.13) is independent of R.

In the dipole approximation we may express the matrix element MIl' given by (2.9),
in the form

MJl(R, w, Wk) "' ..J(R, w). <I/1IClptl/1b).

If p(w) and the matrix element <I/1IClpll/1b) are effectively independent of w over the
narrow frequency band of the incident light, and if the incident wave is plane as we

assumed, then (2.12b) reduces to

WJl(R, t) = {P(wo)}l/2V(R, t). <I/1Jl.kolpll/1b) (2.14)

where Wo = hoc is the mid-frequency, and V(R, t) is the vector function obtained from
A(R, t) by suppressing the negative frequency components in the Fourier integralt (2.6) :

-.(X)
.4(R, w) e-jrot dw (2.15)V(R, t) =

0

t Such a representation of the field, obtained by suppressing the negative Fourier components
is customarily employed in the classical theory of optical coherence, under the name of analytic
signal, a concept due to D. Gabor (cf. Born and Wolf 1959). The same representation has played
an important role already in the early quantum mechanical investigations of radiation and coher-
ence based on the correspondence principle, and is also implicit in some older pioneering re-
searches of von Laue relating to coherence and thermodynamics of light.
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From Maxwell's equation V(R, t) is transverse, i.e. normal to the direction of propaga-
tion of the wave. Let us write

V(R, t) = V(R, t)£ (2.16)

where £ is a unit (generally complex) vector and V(R, t) is a complex scalar function.
Now one may readily show that for a time interval At, which is short compared with
the reciprocal of the effective bandwidth of the light (as is here assumed),

,,~tI2

V*(R, t+'T)V(R, t+'T) d'T ~ V*(R, t)V(R, t)
~ J -~tI2

With the aid of this result and (2.14) and (2.16), (2.13) becomes

21Te2N
P(t) = ~p(wo)V*(R, t)V(R, t) 2 IE. <I/JI',kolp!l/Jb)12. , ,

TI m C I'

Because ~I' involves summation over all possible polarizations of the electron the result
will be independent of E, so that we may write (2.17) in the form

P(t) = ocV*(R, t). V(R, t) (2.18a)

where oc represents the quantum efficiency of the photoelectric detector. This result
does not depend in an essential way on all the simplifying assumptions made. If there is
a whole range of initial electron states lI/Jb ), the factor N in (2.17) has to be replaced bya
sum over these states. On the other hand, if the electron wave functions overlap, as in a
metal, the electron system has to be treated appropriately, and the calculation must be
modified. Nevertheless, as long as we are dealing with plane waves falling normally on a
thin photoelectric layer, a factorization of the kind embodied in equation (2.14) will still
be permissible. The general form of (2.18a) will therefore remain valid, although the total
cross section for the process, and therefore the constant oc, will be affected.

We may identify V*(R, t) .V(R, t) with the instantaneous intensityt I(t) of the classical
field, and express (2.18a) in the form

P(t)Llt = ocI(t)Llt. '\_0_--,

(2.17)

(?1 ~h\

The probability of photoemission of an electron is therefore proportional to the classical
measure of the instantaneous light intensity, defined in terms of the complex analytic
signal. In the idealized case of strictly monochromatic radiation this result is, of course,
well known, but its generalization to a field which exhibits arbitrary fluctuations is
essential for the purposes of the present discussion (see also Brown and Twiss 1957 a).

It should be noted that in equation (2.18) probability enters in two different ways :
in the fundamental uncertainties associated with the photoelectric interaction and in the
fluctuations of the radiation field itself. This, of course, is a general feature of quantum
statistical mechanics (cf. Landau and Lifschitz 1958).

Equation (2.18) shows that the probability of a single photoelectric transition in a
small time interval t, t + At is proportional to At. However, we are mainly interested in
the probability distribution p(n, t, T) of emission of n photoelectrons in a finite time in-
terval t, t + T. If the different photoelectric emissions could be considered as independent
statistical events in the sense of classical probability theory, it would follow from (2.18)

t v* .v is not strictly proportional to the instantaneous energy density; it may be easily shown
that V* .V represents a short-time average of A 2 taken over a time interval of a few mean periods

nf thp l;"ht v;hr"t;nn~.
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that (see Mande11959, 1963 a)

1
p(n, t, T) = -.:.--{cx;U(t, T)}n exp{

n!
OtU(t, T)} (2.19)

where
~t+T

U(t, T) = I l(t')dt'. (2.20)
~' t

Actually, it is possible to see that it is legitimate to proceed in this way. Consider, for
example, a system of two atoms, both of which interact with the incident radiation but
do not interact with each other. The product of the unperturbed energy eigenfunctions
of the two individual atoms are the energy eigenfunctions of the two-atom system.
It is now possible to calculate the probability amplitude for a transition to a final state in
which either one or two photoelectrons have been emitted. In particular, the probability
amplitude for emission of two photoelectrons in a small time interval (t, t+At) may be
~hown to be given by the product of two expressions of the type (2.8). When we take
account of the (infinite) degeneracy of the two-atom energy eigenstates, the probability
for such a transition in this time interval may then be shown to be given by a product
of two factorst of the type (2.10). In any case it seems plausible to look on successive
photoelectric emissions from the whole photoelectric surface considered as one system
as events which are substantially independent with respect to the electron system, pro-
vided the photoelectric layer is not appreciably depopulated. Similar assumptions are
implicit in the derivaton of (2.19) from (2.18) by Mandel(1963 a).

Equation (2.19) refers to the photoelectric counting distribution appropriate to a
single realization of the incident electromagnetic field. The average of p(n, t, T) over
the ensemble of the incident fields is the probability that would normally be derived
from counting experiments. If, as is usually the case, I(t) represents a stationary ergodic
process, this average will be independent of t. If we denote the ensemble average
by p(n, t, T), we have from (2.19)

3. Statistical properties of the counting distribution

Let us next consider the variance of the counts n, recorded in time intervals of dura-
tion T. The averages of n and n2 ate given by

00
ii = 2: np(n,t,T) (3.1)

n~O
-00
n2 = 2: n2p(n, t, T). (3.2)

n=O

t This situation must be contrasted with the situation in which a direct two-electron transition
from a single atom takes place.
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Using well-known expressions for the first two moments of the Poisson distribution
(see, for example, Levy and Roth 1951), we readily find from (3.1), (3.2) and (2.19) that

ti = ocU(t, T)

(~ 4\;2 = a.U{i-:T) + OC2{U(t, T)}2
that the variance

is given by

~ = n + oc2(W)2

where

(XW = ( u- U)2 = U2 -(0)2

is the variance of U(t, T).
The formula (3.5) has evidently a very simple interpretation. It shows that the vari-

ance of the fluctuations in the number of ejected photoelectrons may be regarded as
having two separate contributions: (i) from the fluctuations in the number of particles
obeying the classical Poisson distribution (term 1'i), and (ii) from the fluctuations in a
classical wave field (wave interference term OC2(.&W). This result, which holds for any
radiation field, is strictly analogous to a celebrated result of Einstein (1909 a, b )t relating
to energy fluctuations in an enclosure containing black-body radiation, under conditions
of thermal equilibrium. Fiirth (1928) has later shown that the same result holds for energy
fluctuations of thermal radiation of spectral compositions other than that appropriate to
black-body radiation, but like Einstein's analysis, Fiirth's considerations apply to closed
systems only. We have now shown that a fluctuation formula of this type is also valid
for counting fluctuations in time intervals, for any light beam (i.e. thermal or non-
thermal and stationary and non-stationary), at points that may be situated far away from
the sources of the light. Although the result refers to the fluctuations of the photo-
electric counts, it can be regarded as reflecting the fluctuation properties of the light itself,
in so far as they are accessible to measurement.

Since equation (3.5) applies to any light beam, whether of thermal origin or not, it is
likely to be useful in connection with photoelectric experiments relating to fluctuations
of light generated by optical masers. In this connection we note that, if an optical maser
operates on a single mode and is well stabilized, then the variance (KV)2 will be negligible
{absence of classical wave intensity fluctuations). In this case (3.5) reduces to~

(Xn)2 = ii (3.6)

i.e. the variance is the same as for a system of classical particles.
We may draw some further conclusions from the results of § 2. First, let us again

consider the case when the light intensity of the classical wave field does not fluctuate
significantly. In this case (2.21) becomes

p(n,t, T) = ~nnexp(-n)
1

t For a lucid account of the significance of Einstein's result, see Born (1949).
t It should be born in mind that the formula was derived on the basis of the first-order per-

turbation theory. When very intense maser beams are employed the effect of multiple photon
interactions might have to be included.
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where

n = ocO = rJT. (3.8)

Thus we see that the photoelectrons now obey the Poisson distribution. This situation
may be expected to arise in the case already referred to, namely when the photoemission
is triggered off by a well-stabilized, single-mode laser beam. That in this case the distri-
bution p(n, t, T) will be Poisson's was already noted elsewhere (Mandel1964, Glauber
1964). This result clearly shows that departure from Poisson's statistics is not a universal
consequence of the Bose-Einstein statistics of light quanta as is often erroneously be-
lieved to be the caset .

If, on the other hand, the light is of thermal origin, the probability distribution
p(n, t, T) may be expected to be quite different. For in this case the incident field will
fluctuate appreciably and its distribution will as a rule be Gaussian (van Cittert 1934,
Blanc-Lapierre and Dumontet 1955, Janossy 1957, 1959). This implies (Mandel1963 a,
p. 191) that for polarized thermal light the probability distribution of the intensity is
exponential :

1 ( -I

)IexP Tp(I)

It may then be shown from (2.21), (3.9) and (3.8) that, if T is much smaller than the
coherence time of the light, the probability distribution of the photoelectrons becomes

(MandeI1958, 1959, 1963 a)
-n

n

(n+l)n+

3.10)jj(n. i. T

This will be recognized as the Bose-Einstein distribution (Morse 1962). It was derived
by Bothe (1927) by a somewhat similar argument long ago.

4. Multiple correlations

The one-dimensional counting distributions do not exhaust the range of application
of the semi-classical theory, for the relation (2.19) can be applied to any number N of
photodetectors, each situated at a different point of the radiation field. Let nj be the
number of counts registered at thejth detector in a time interval tj, tj+ T. Then

00 00

2 2
nl=O n.=C

N

.nN npAnj, t, T)}

CX)

~ {nln2
nN=O

nln2...nN

where the pAnj, t, T) V= 1, 2...N) are given by expressions such as (2.19)
tion ( 4.1) mav be rewritten in the form

Equa

T'T)
-

2 n2P2(n2, t2, T

(X)

L nlPl(nll t

CXJ

L nNPN(nj

-
nln2 ,nN

Now each of the sums on the right-hand side of (4.2) represents, according to a well-
known property of the Poisson distribution (2.19), the parameter of that distribution

7-78),[n this connection see the interestin~ discussion by Rosenfeld (1955. especially pp,
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00
IXiUi(ti' T) = L: nipAni' ti' T). (4.3)

nj =0

Hence, if we substitute from (4.3) into (4.2), we obtain the formula

nln2...nN = AUl(tl, T)U2(t2' T).,.UN(tN' T) (4.4)
where

A = IXlIX2...IXN (4.5)

represents the product of the quantum efficiencies of the N detectors. Equation (4.4)
shows that the correlation of the counts registered by the N photodetectors is proportional to

the correlation in the integrated intensities ( cf .(2.20»
.tj + T

I ;(t') dt' (j = 1,2,...N) (4.6)
J t.

where
r<N,N)(tl, t2"..tN) = V1*(tJ. V1(tl)...VN*(tN). VN(tN). (4.8)

Thus the correlation of the counts is completely expressible in terms of the 2Nth order
cross-correlation function of the classical field (cf. Mandel 1964, Wolf 1963, 1964).
For a stationary field this correlation function will, of course, be independent of the
origin of time and if, in addition, ergodicity is assumed, it can also be expressed in the

form

r<N,N){Tn. T" T..)

V1*(t). V1(t)V2*(t+1"2). V2(t+1"2).
1 J T

= lim -

T-+(X) 2T _'7'

wh~r~
'Ti = ti-tl (j = 2, 3,...N).

In a quantized field-theoretical treatment the correlation nln2...nN would be
expressed in terms of the expectation value of the ordered product of the corresponding
creation and annihilation operators (Glauber 1963 b, 1964). This expectation value has
already been shown to be equivalent to a cross correlation of the complex classical fields
(Sudarshan 1963 a, b, Mandel and Wolf 1965) and the formula (4. 7) emphasizes this
fact once again.

We can also convert (4.4) into a correlation formula for the fluctuations ~ni = nj- iii.
By making a multinomial expansion of the product ~nl~n2...~nN and applying (4.4)
repeatedly, we obtain the formula

~nl~n2...~nN = A~U1~U2...~UN (4.10)
where

~U1 = U1-01.

The value of the correlation depends, of course, on the type of light illuminating
the detectors. For light from the usual thermal sources the random process V(t) will,
to a good approximation, be stationary, ergodic and Gaussian, and the correlations ap-
pearing on the right-hand side of equations (4.4), (4.7) and (4.10) can then be expressed
in terms of second-order cross-correlation functions (Reed 1962). In particular, for
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N = 2, (4.10) then represents the correlation effect discovered by Brown and Twiss

(1956, 1957 a, b). However, from (4.10) it follows that the effect will be small when the
fluctuations ~U in the integrated classical intensity are small, as may be the case for light
generated by an optical maser oscillating in a single mode.
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