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Under the restriction to a symmetry group whose generators can be linearly expressed in terms of
the generators of the Lorentz group and of an internal symmetry group, we show that charge conser-
vation implies that the symmetry group is a direet product of the Lorentz group and the internal
symmetry group. Only local structure of the groups and their unitary representations are considered.

HE problem of combining relativistic invariance

and internal symmetries has recently been dis-
cussed by several authors.' Since the multiplet
masses are only approximately the same, the only
way of reconciling exact invariance under both the
internal symmetry group and the relativity group
is to require that the elements of the two groups
do not commute in general. Let us assume’ that
the full invariance group of the physical (strongly
interacting) system is a Lie group (which has as
subgroups the internal symmetry group, assumed to
be simple, and the inhomogeneous Lorentz group)
which has a Lie algebra A whose elements can be
expressed as a linear combination of the elements
of the Lie algebras of the internal and Lorentz
groups. It can then be shown® that, if a complete
set of commuting generators of the semisimple in-
ternal symmetry algebra S commute with the gen-
erators of the inhomogeneous Lorentz algebra I,
then the algebra A is a direct sum of the algebras
S and L.

In this paper we wish to extend this result to
the case when only a single generator of S commutes
with all elements of Z. This framework is of par-
ticular interest since electric charge is conserved in
all known interactions and it is a generator, or
associated with a generator of the internal symmetry
group which we expect to be relativistically in-
variant. We show that as long as we are interested
in unitary representations only a direct sum algebra
results; this is disappointing since there is then no
possible explanation of the mass splittings within
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a multiplet compatible with exact invariance under
the group.

Theorem. Let € be any generator of S, If Q
commutes with every element of L (and if the set
of elements of S and L are closed under commuta-
tion), then every element L, of L can be decomposed
in the form with L, = L} + L}, L} being a linear
combination of elements of S and L{ commuting
with every element of S. Further, both LS and L}
satisly the same commutation relations as the ele-
ments I, of the Lorentz algebra.

Proof. Since the Lie algebra S is simple, there
exists a Cartan—Weyl basis H,, F, such that

(H:, E.] = r(a)E,, (22)
[H:,, H,]=0, (2h)
(Ee, Eg] = NegEass, 1@ +r(8) #0, (20)
(E., B_.]= 2 rne)H, (2d)

[]

No generality is lost by taking H, to be a multiple
of @ so that

[H 1y LA] = 0- (3)
By hypothesis we can write
(B., L = ,Z a(xAB)E, + ; aleADH,

- );‘, a(@AB)L,.
Hence, if r,(a) # 0 we deduce
(B, L. = ; aladB)d{ri(e) — r,(B)}E;.

For those cases where r(a) = 0, we can use (2¢)
to deduce the general expression

[Bay Li = ; a(aAB)é{r(a) — r(B)}E,
- %}a(aam)a{rl(a)}rfm. (4)
Similarly from (2b) and (3) we deduce
(H:, L = Zﬁ‘, b(LAB)8{r (8)} Es
+ > bIAm)H.. (5)
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