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1. Quantum Dynamical Semigroups.

Let 5 denote a quantum system with associated Hilbert space F . Asis well known, a

state of S is described by a self-adjoint, non-negative, trace one, linear cperator @ on
"‘FE called the statistical operatar or, more commaonly, the density matrix. The expeclation

value of an observable of S , represented by a linear self-adjoint cperator A on ’fe a1
given by <A> =tr (?A) ( whenever the expression at the r.h.s. exhists).

We consider a system S evolving irreversibly under the action of its'surrouﬁ%‘g’s R,
which we think of as an unexhaustible energy resermir. for S . Whenever S and R are
initially uncorrelated and the decay time of the reservoir's correlations is much smaller than

the typical relaxation times of the sysfe:n,the dynamical evolution of the state of S is descri

bed to a good approximation by a Markovian master equation of the form
d
%9 =Lo G

where L is a linear transformation ("'superoperator') acting on the space T($€) of linear

operators on ® having finite trace. The integrated form of (1.1) writes

€=?(t: =‘3Lt§>(0)=T{-, ?(O)f, t}o) (1.2)

where Tt is expected to have the following properties:
(1 T, is positive, namely ?},O implies Tt P> o
(ii) Tt preserves the trace, namely tr { Tt 4 Y=1tr( ¢ ) for all SD GT(}e),
(i) Tt+s Q= Tt ( Ts? D5 T = identity operator on T(3€);
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Giv) _tr-—[(Tt P )A] is a céntinuous function of t for all @& T(%) and for all

A €. B (% ), where B (%€) is the space of linear bounded operators on ¥ .

Properties (i) and (ii) are demanded by the conservation of probability; (iii) is the semigroup
property which formalizes the Markovian approximatién; (iv) is a physical continuity require-
ment for expectation values of 6bservéb]es.

Conversely, if Tt sk 2O ,» is a one-parameter family of linear operators on T(%€)
satisfying conditions (i) - (iv), there exists a (generally unbounded) linear operater L on
T(3€ ) , with dense domain of definition D(L), such that eq. (1.1) holds for all PE D) [1] 5

The family Tt gives the dynamics in the Schridinger picture. By duality, we can define

a dynamics Tt* in the Heisenberg picture, acting on B(3€), as

te[9(T*A)] = te[(T 9)A], peT(), AcB(e) a3

Then Tt* satisfies T e

(i T‘t" is positive ;

(ii") T‘l* 1=1 ;

(iii") T:(+s = T':‘ T;‘ 5 T; = identity operator on B(3£ ),
as well as the continuity property following from (iv).

fxctual}j?,‘;g turns out that the reduced dynamics Tt of the open system S must satisfy on
physical grounds a considerably more stringent constraint than the positivity property (i)
(or (i")) . This requirement is called complete positivity and can best be expressed in the
Heisepberg picture as follows. Let n be an arbitrary positive integer and, for any given n,
let {'f-f""’ &fﬂ}, ¢, €% ,i=1,...,n, and {Al,..., An} : Ai € B(P€), i=1,...,n. be

n arbitrary Hilbert space vectors and n arbitrary bounded operators. Then 'I;* must satisfy

) _Z{ ('-PL, 'Tt.,*(f\fﬂi) ‘fé) 20, 30,
b,n

L4

A linear map @ on B (P6) satisfying (i'") is said to be completely positive. Taking

n = 1in (i") we see that a completely positive map is positive. The converse is in general
false.

Complete positivity is not an intuitive property of the reduced dynamics. Cn the other
hand, it has a sound physical foundation. Indeed, it is a consequence of the assumption that
the total dynamics of the system plus its surroundings, regarded globally as an isolated
system, is Hamiltonian [2, 3] - Alternatively, it can be proved by an independent probability

argument, even without making reference to the foregoing assumption [ 4] . In particular, a
g g going P P






