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ABSTRACT. — We discuss the inequivalent quantizations of a physical
system with configuration space Q. A brief review is given of rigorous
results concerning the number and type of quantizations available to such
a system. The example of n identical particles moving on an arbitrary
manifold is considered in some detail.

REsUME. — Nous discutons les quantifications inéquivalentes d’un
systéme physique a espace de configuration Q. Nous présentons une bréve
revue des résultats rigoureux concernant le nombre et le type de quanti-
fications possibles pour un tel systéme. L'exemple de n particules identiques
en mouvement sur une variété arbitraire est considéré en détail.

I. INTRODUCTION

When constructing a quantum theory from a classical dvnamical system
with configuration space [/] Q, the standard procedure is to choose the
fixed-time quantum mechanical state vectors as functions from Q into
the complex numbers C. However, one can use a much more general
notion of a state vector ¥(q). First, ¥ may be « multiple-valued » on Q;
and second, ¥ may take values in any CN, N > 1. More specifically, ¥(q)
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can have N-components W,(g). | < n < N, and when g is taken around
a generic loop [ in QQ, we may have [2]
N

lg) - Z Vol 1 D¥,(9) : (1)

m=1

where V([/]) is an N x N unitary matrix depending only on the homotopy
class of I, denoted by [I]. (Note that ¥ "¥ must be single-valued.) Moreover
for any two loops /| and [, we require

VI[L V(LD = V(L] 2)

where [,/, denotes the standard product loop. Egs. (1) and (2) imply that
V provides an N-dimensional unitary representation of ,(Q), the funda-
mental group of Q [3].

If ¥ and ¥’ are two such N-component objects « transforming under
loops » according to V and V’ respectively, then ¥ + P’ is an acceptable
state vector if and only if V = V’ (as representations of n,(Q)). Thus the
total Hilbert space # of states breaks up into a direct sum of subspaces
{ #,} where each #, only contains states which transform according
to the fixed representation p of 7,(Q). If p is reducible, then #, breaks
up further into a direct sum of subspaces { ¢, } where the p/s are the
irreducible components of p. Therefore we can achieve a decomposition
of s# into superselection sectors, each labelled by a finite-dimensional
irreducible unitary representation (IUR) of n,(Q) [4]. If we let Z(n,(Q))
denote the set of all finite-dimensional IUR’s of 7,(Q), then the quantum
theories defined by each of the sectors #,, oe %(n,(Q)), represent the
« prime » quantizations of the original system. Clearly, #(n,(Q)) contains
at least one element, namely the trivial IUR, and the corresponding quan-
tum theory has ordinary complex-valued functions as state vectors. How-
ever, in general Z(m(Q)) will contain more than one element revealing
the essential « kinematical ambiguity » in quantizing a classical system [6].

The gquantizations corresponding to IUR’s of degree 1, the so-called
scalar quantizations, are simply labelled by the character group Q of

m(Q) [7), [8]:
Q = Hom (7,(Q), U(1)) = Hom (H,(Q), U(1)) 3)

where H,(Q) is the first (integral) homology group of Q. Again, there is
always at least one scalar quantization. The quantizations associated
with [UR’s of degree > 1 are of a qualitatively different nature. They
possess an « internal symmetry » of topological origin associated with
the entire system [9]. In this paper, we review various results concerning
when a system has a unique quantization, a unique scalar quantization,
or only scalar quantizations. We then turn our attention to a class of sys-
tems which almost always possesses nonscalar quantizations; namely,

Amnales de I'instirut Henri Poincaré - Physique théorique






