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Diagonal Harmonious State Representations
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For simple unweighted shilt operators a family of complex eigenvalue eigen-
states of the shift down operators, called the harmonious states, is constructed.
Every density matrix is realized as a weighted sum of projections to the
harmonious states; and the weight distributions serve as quasiprobability
densities for normal ordered operators.

[. INTRODUCTION

Coherent states for canonical systems (Schrédinger, 1933) have been
ound to be useful in quantum optics and in discussions of quantum
nechanics in general (Klauder and Sudarshan, 1968). They may be defined
n a number of more or less equivalent ways: as states obtaining the mini-
num for the Heisenberg uncertainty relations, as the family obtained by
ranslating the harmonic oscillator vacuum in coordinate and momentum
rariables, as the normalized eigenstates of the annihilation operator for
:omplex eigenvalues, and so on. If we have the operators ¢, p satisfying the
Neyl commutation relations (Weyl, 1931)

exp(itp) exp(ipg) = exp(idn) exp(ing) exp(iip) (1)
»r the canonical commutation relations with

a=T12  gpopg=it;  ad'-a'a=1 2)

v2'
hen there exists a vacuum state |0) such that a [0) =0.
The Fock states
(a')"

—ip\" 1 _
|u>=W|0>=("—\7213) ooy 100 3)
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form an orthonormal complete basis:
mlny=20,.,; 2 In><nl =1 (4)

n=0

For any complex number z the coherent states are defined by

|Z> =€i[:a*_gm] 10> e T[Z, Z*} |0>

=€—|:|1,.r‘2€:u' ]0>:=e—:‘-j2§ Z |.ﬂ> [j)
& (nl)"?
they are normalized:

(z|z)=1 (6)

since the generic displacement operator 7(z, z*) is unitary. One can also
verify the statement by direct calculations. The displacement operators
T(z, z*) furnish a unitary projective realization of the displacements in ¢
and p and hence in a and a':

e wk
nz“zrlT&hz;)=exp(55i5513)T&,+zbzr+z;}
T(z,z*)aT (z, z¥)=a—z (7)

T(z,z*)a'T(z, z*)=at —z

2. THE DIAGONAL COHERENT STATE REPRESENTATION

The states |z) are uncountably infinite and hence are not all linearly
independent. If F(z) is any entire function of z, then

_[d"z 2F(z) |2> =0 8)

They are not mutually orthogonal since
{zylz;) =exp{—3(zfz, — 2z} 2z, + 2f)} 9)

But these states are complete; and we have

1

= [d*z12)¢z1 =1 (10)

3
and therefore

Wy == a2 ¢zl 12> (1)
T
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The projection operator |x+ iy »{x+iy| is analytic in the variables x, vy
and a distribution-weighted linear combination of them can give a diagonal
representation of any bounded operator; in particular, for the density
matrix the diagonal representation (Sudarshan, 1963) is

p=‘:—t‘j dz R(z) |2y <] (12)

with a real weight R(z). In general R(z) is not a smooth function or even
a tempered distribution. The Fourier transform of R(z) is given by (Mehta
and Sudarshan, 1965)

" 1
R0y =5- [ exp({z* —{*2) R(z) a2
1
—exp({*0) 5 [ exp(lz* —{*2) Czl p |2 a2 (13)
n

from which R(z) can be determined as a suitable distribution.
The diagonal representation can be expanded in the Fock basis:

lj R(z, z*) |2)<z| d*z
n

— Z je:-: R[Z, Z*}ZmZ*" Im><ﬂ‘ dzz

w(min!)7?

=2 P ImH<n| (14)

m.n

s0 that

s R(:, Z*}Zmz*"
]l.r’2

1
pmuz—?}—jdzze'_ (15)

(m!n!

By expanding R(z, z*) in terms of harmonic series in (z/z*)'? = ¢", we may
put

R(z,z*)=} R,(y)e™,  y=(z*2)" (16)

with a corresponding decomposition of p. Since

Pon=1<m| pln) (17)






