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What price the spin—statistics theorem?
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Abstract. We examine a number of recent proofs of the spin-statistics theorem. All, of course,
get the target result of Bose-Einstein statistics for identical integral spin particles and Fermi-Dirac
statistics for identical half-integral spin particles. It is pointed out that these proofs, distinguished
by their purported simple and intuitive kinematic character, require assumptions that are outside
the realm of standard quantum mechanics. We construct a counterexample to these non-dynamical
kinematic ‘proofs’ to emphasize the necessity of a dynamical proof as distinct from a kinematic
proof. Sudarshan’s simple non-relativistic dynamical proof is briefly described. Finally, we make
clear the price paid for any kinematic *proof”.
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1. Introduction

A number of proofs of the connection between spin and statistics which have recently
appeared in the literature are reviewed and shown to contain an arbitrary phase factor.
In these proofs, the correct connection is characteristically the result of a choice which
is not dictated by quantum mechanics in its usual form, as already acknowledged by the
proponents of perhaps the most sophisticated of these proofs [1,2]. We review a simpler
proof which has long been available [3-3]; (for a review and extensive references, see
[6,7]), based on the action principle and the symmetry (antisymmetry) of the scalar product
of two tensors (spinors), which retains all the precepts of canonical quantum theory.

It is generally accepted that identical particles in quantum theory have a unique con-
nection between spin and statistics: identical integral spin particles obey Bose-Einstein
statistics and have a wave function symmetric under the exchange of any two particles.
Identical half-integral spin particles obey Fermi-Dirac statistics and have a wave function
antisymmetric under the exchange of any two particles. The ‘standard’ proof of this result
[8] is based on relativistic quantum field theory which might seem inappropriate and pos-
sibly even irrelevant for such important and extremely non-relativistic systems as atoms,
molecules, conduction electrons, lasers, liquid helium, micro-degree Bose—Einstein con-
densates, phonons, etc. As a consequence, there is strong motivation to derive the spin—
statistics connection without making use of relativistic invariance of field theory [9,10].
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